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1. Introduction 

The purpose of this paper is to prove a Milnor-Wood inequality for repre- 
sentations of the fundamental group of a compact complex hyperbolic man- 
ifold in the group of isometries of quaternionic hyperbolic space. Of special 
interest is the case of equality, and its application to rigidity. We show that 
equality can only be achieved for totally geodesic representations, thereby 
establishing a global rigidity theorem for totally geodesic representations. 
We point out the recent papers of Kim-Pansu-Klingler |15j and Klingler |16j 
where closely related local rigidity theorems for totally geodesic representa- 
tions are proved. 

To explain our results, let m > 2 and let T C SU(m, 1) be a co-compact, 
torsion-free lattice. Then X = T\B m is a compact complex manifold covered 
by the unit ball B m C C m . (We will write either B m or H™ for the complex 
hyperbolic m-space, which is the symmetric space of SU(m, 1).) The space 
of invariant two forms on B m is one-dimensional. Choose a generator to = 
w^m to represent the Chern class of the tautological line sub-bundle. This 
is a Kahler form for B m and descends to a Kahler form ujx on X . Let 



v(X) = / 
Jx 

Then v(X) is a positive integer, proportional to the volume of X. In terms 
of characteristic numbers and other invariants of X, v{X) = (—l) m T(X) 
where T{X) is the Todd genus of X, in other words, by the Hirzebruch- 
Riemann-Roch theorem, v(X) = (— l) m x(X, Ox)- 

Let .f/JJ be the quaternionic hyperbolic space of quaternionic dimension 
n, with group of isometries Sp(n, 1). The space of invariant four-forms on 
H2 is one-dimensional. We choose a non-zero form a in this space, and 
normalize it by requiring that its restriction to a totally geodesic complex 
hyperbolic subspace H™ = B m is the form w^ m , where uiB m is as above. 
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Let p : r — )• Sp(n, 1) be a representation. Using the above definitions, we 
can assign to it a characteristic number c(p) as follows. Let / : B m — > 
be a smooth equivariant map (which exists and is unique up to equivariant 
homotopy). Then f*a is an invariant form on B m , so it descends to a form 
on X. We then define c(p) by 

c(p) = [ u™- 2 A f*a . 

Our main result is the following theorem: 

Theorem 1. (1) \c(p)\ < v(X). 

(2) If equality holds, p is a totally geodesic representation. 

By a totally geodesic representation we mean that there is a totally geo- 
desic H™ C HJ| so that the image of the representation lies in the subgroup 
G C Sp(n, 1) that preserves this H™ and that the equivariant map /, which 
can be assumed to have image in this H™, is totally geodesic isometric 
embedding. 

In group-theoretic terms, note that the subgroup G of Sp(n, 1) that leaves 
B m C iJS invariant is of the form G\ x G2 where Gi is isomorphic to 
SU(m, 1) and G2 is isomorphic to the compact group U(l) x Sp(n — m), 
the centralizer of G\ in Sp(n, 1). To say that p is a totally geodesic repre- 
sentation is the same as saying that the image of p lies in such a subgroup 
G\ x G2, and, splitting p = p\ x p2, that p\ is conjugate to the inclusion 
r C SU(m, 1). In particular, a totally geodesic representation is faithful. 

Since the characteristic number c(p) is a topological invariant, therefore 
invariant under deformation, we obtain the following local rigidity theorem: 

Corollary 1. Let p : T — > Sp(n, 1) 6e a totally geodesic representation. 
Then any deformation pt of p is a totally geodesic representation. 

For convenience, we have stated our results in terms of the groups SU (m, 1) 
and Sp(n, 1) that do not act effectively on the corresponding symmetric 
spaces. We could easily modify our statements in terms of the quotient 
groups that act effectively. 

Question. It is natural to ask for examples of representations p where < 
c(p) < v(X). In the case m = 2 we can construct such examples by taking 
two ball quotients X, Y with a surjective holomorphic map / : X — > Y with 
< deg(f) < 2j£l (these exist, see [23]), and a totally geodesic representa- 
tion p' : 7Ti(Y) — > Spin, 1). Then the composition p' o : nrX) — > Sp(n, 1) 
satisfies the desired inequality. But these representations do not give sat- 
isfactory examples, because, even though the representation is not totally 
geodesic, its image still leaves invariant a totally geodesic C H^. Thus 
the real question is: are there representations that satisfy < c(p) < v(X) 
and whose image does not leave any geodesic H™ C Hjjj invariant. 
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We recall that the classical Milnor-Wood inequality concerns represen- 
tations of surface groups in SL(2, R) [21] or Top(S 1 ) [24]. It has been 
generalized to representations of surface groups in groups of isometries of 
Hermitian symmetric spaces, and the case of equality has received much at- 
tention [31 HI El [12] . It is harder to prove such inequalities for representations 
of fundamental groups of higher dimensional manifolds. For representations 
of fundamental groups of our T's into SU(n, 1) there is the rigidity result 
of Corlette |10j . on which our result is modeled. For some recent work on 
higher dimensional domains, see [21 [5l [El [20] , and references in these papers. 

Question. A very natural question is whether there is a Milnor-Wood in- 
equality for representations of lattices in Sp(l,l), (equivalently, represe- 
nations of fundamental groups of constant curvature four-manifolds), in 
Sp(n, 1), n > 1. It is conjectured that, in analogy with |22j . a sharp in- 
equality exists, and that the case of equality characterizes the totally geo- 
desic representations. A suggestive local rigidity result compatible with this 
conjecture has been proved in |14] , 

2. QUATERNIONIC HYPERBOLIC SPACE AND ITS TWISTOR SPACE 

Let us write H for the quaternions and H n+1 for a right - quaternionic 
vector space of quaternionic dimension n + 1. We will use the quaternionic 
hermitian forms 

h^(X, Y) = xiyi H h x n y n + x n+1 y n+1 

and 

h m (X, Y) = xiyi H h x n y n - x n+1 y n+ i 

on M n+1 , where X = (xi, . . . , x n+1 ), Y = (y 1 . . . y n+1 ) G M n+1 . The quater- 
nionic projective space HP" is the manifold of right quaternionic lines in 
H n+1 . The group Sp{n + 1) of right quaternionic linear isometries of 
acts transitively on it (by left multiplication by suitable quaternionic ma- 
trices) and the line (0, ...,0, 1) has isotropy group Sp{n) x Sp(l), thus 
MP n = Sp(n + l)/Sp\n) x Sp{l). 

The quaternionic hyperbolic space HS is the open subset of MP n con- 
sisting of those right-quaternionic lines L on which the form h m is negative: 
h m (X, X) < for all X € L. It is a homogeneous space for the group Sp(n, 1) 
of right quaternionic linear maps that preserve the form h , and the isotropy 
group of the line (0, . . . , 0, 1) is again Sp(n) x Sp(l). We will write JEZJJ for 
the quaternionic hyperbolic space. Thus iJgj = Sp(n, 1)/Sp(n) x Sp(l). 

The algebra of Sp(n, l)-invariant differential forms on iTjjJ is isomorphic 
to the algebra of Sp(n + l)-invariant differential forms on MP n , thus to the 
cohomology of MP n , which is a truncated polynomial algebra on a single 
generator a of dimension 4. Our normalization for a makes it correspond 
to an integral generator for the cohomology of MP n with suitable positivity 
properties. 
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We have an isomorphism C 2n+2 = H n+1 obtained by letting i £ C act on 
jjn+i j-jg^ multiplication by the quaternion i. Explicitly, the complex co- 
ordinates z\, . . . , z ni ,wi, . . . , w n +\ on C 2n+2 are related to the quaternionic 
coordinates x\, . . . x n+ \ by xi = zi +jwi for I = 1, . . . n + 1. In terms of these 
complex coordinates the quaternionic Hermitian forms decompose as 

/ l {=(x,y) = ^(x,y)+ia^(x,F) 

and 

/ l H (x,y) = / l c (x,y)+ja c (x,y), 

where /ig and /i c are complex Hermitian forms (conjugate linear in the first 
argument, complex linear in the second) and a^,oP are complex bilinear 
alternating forms, in fact, complex symplectic forms, on C 2n+2 . Explicitly, 
in terms of xi = z\ + jw\ and yi = ui + jv\ , we have 

n+l n+1 

(1) h%{X,Y) = Y J {zm + wivi) and a£(X, Y) = - «;,«,)■ 

l l 

The forms h c (X, Y) and a c (X, V) are obtained by changing the sign of the 
(n + l)-st summand in the above formulas to the opposite sign, so 

n 

(2) /i C (^, 30 = ^(ziui + ilijuj) - (z n+ in„ + i + w n+ iv n+ i) 

l 

and 

n 

(3) a C (X, Y) = y^X z l v l ~ w l u l) ~ {Zn+lVn+l - W n+1 U n+ i). 

1 

We obtain a natural map ir : CP 2n+1 — >■ HP™ by assigning to a complex 
line I the right quaternionic line L it generates. This map is a fibration with 
fiber the complex projective line CP 1 . We let D n = 7r _1 (P]||). This is the 
open subset of CP 2n+1 consisting of complex lines in C 2n+2 = H" +1 on which 
the form h c is negative. This inclusion gives D n the structure of a complex 
manifold, that fibers over the real manifold P]J with fiber CP 1 , and is called 
the twistor space of P|J. These fibers are complex submanifolds of D n . A 
complex line I € CP 2n+1 on the fiber over a quaternionic line L € (thus 
I C L) is the same as a right H-linear and h c isometric complex structure 
Jl on L, namely the complex structure that is right multiplication by i on 
I and right multiplication by —i on the /i c -orthogonal complement of I. 

As homogenous spaces we have D n = Sp(n, \)/Sp{n) x U{1) while 
CP 2n+1 = Sp(n + 1)/Sp(n) x 17(1). 
We have the commutative diagram: 
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D n c C p2n+1 



7T 



m c hp™ 



7T 



The vertical bundle V = ker(dir) C T\D n tangent to the fibers of the pro- 
jection is a C°° sub-bundle of TD n . It has a unique Sp(n, l)-invariant com- 
plement H, called the horizontal bundle, which is a holomorphic sub-bundle 
of TD n . In terms of the canonical description of TCP 2n+1 as Hom(S, CP 2ni x 
C 2n+2 /S), where S is the tautological line sub-bundle of the trivial bundle 
CF 2n+i x C 2n+2 ) the sub _b un dle U is the restriction to D n of Hom(S, S x ), 
where is the orthogonal complement of S with respect to the complex 
symplectic form a c of (|3j). Note that Hom(S, S^) is a holomorphic contact 
structure on CP 2n+1 , invariant under the group Sp(a c ). 

Definiton 1. Given x € D n , a linear subspace W C rl x is called an integral 
element if for all 1,7 6 W, the vertical component [X, Y] v = 0. 



Observe that this definition makes sense because, given any two vector 
fields X, Y in 7i, the value of [X, Y] at x depends only on the values of X 
and Y at x. The geometric meaning of integral element is that, if M C D n 
is a horizontal submanifold, in other words, an integral submanifold of 7i, 
and x € M, then T X M C U x is an integral element. 

By a pseudo-Hermitian metric on a complex manifold M with complex 
structure J we mean a non-degenerate inner product (not necessarily posi- 
tive definite) on each tangent space that is invariant under J. By a pseudo- 
Kdhler metric we mean a pseudo-Hermitian metric whose associated (1,1) 
form is closed. 

Lemma 1. (1) The space D n has an indefinite pseudo-Kahler metric g 
which is Sp(n,l)-invariant and which is negative definite on V, is 
positive definite on %, and V and Ti are g-orthogonal. 
(2) Let uj£)n be the (1, 1) form associated to g. Then ir*a = cujjn + d/3 
for some Sp(n, l)-invariant 3-form (3. 



Proof. To prove the first part, note that — hp is a positive Hermitian metric 
on the tautological sub-bundle S over D n . The form ^dd\og{-h € ) is the 
pull-back of a form cud™ on D n , the Chern form of S. It is a closed, Sp(n, 1)- 
invariant (1, l)-form on D n which is easily checked to be negative on V and 
positive on T~i. (Alternatively, since the canonical bundle of D n is a positive 
multiple of S (as Sp(n, l)-homogeneous bundles on D n ), one can quote (4.23) 
of [13] for the signature of this form.) 

The form UD n is then the (1,1) form of an indefinite Kahler metric g on 
D n that has all the asserted properties. This proves the first assertion. 
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Now we prove the second assertion. Whenever a group G acts on a space 
A, let us write A G for the subspace of G-invariant elements. If A denotes the 
algebra of differential forms, then the cohomology of invariant forms on D n , 
H*(A(D n ) Spf < n,l \d) (where d is the usual exterior derivative) is the same 
as the relative Lie-algebra cohomology H*(sp(n, l),sp(n) © u(l),M). Simi- 
larly, the cohomology H* (A(CP 2n+1 ) Sp ( n+1 \ d) of Sp(n + l)-invariant forms 
on CP 2n+1 is the same as the relative Lie algebra cohomology H*(sp(n + 
l),sp(n)©u(l),R). 

With our choice of definitions for Sp(n, 1) and Sp{n + 1), we get that the 
complexification of sp(n, 1) is the algebra sp(a c ) of infinitesimal isometries 
of the symplectic form a c of ([3]) on C 2n+2 , while the complexification of 
sp(n + 1) is the similarly defined algebra sp(ag ) of (P). These two algebras 
do not coincide, but are conjugate in s[(2n + 2, C), say by conjugating by the 
linear isomorphism of C 2n+2 that reverses the sign of the last coordinate and 
is the identity on all the others. This isomorphism is the identity on the com- 
plexified subalgebras denoted sp(n) ffiu(l), hence induces an isomorphism 
between the relative Lie algebra cohomologies if*(sp(a c ), (sp(n)©u(l)) c , C) 
and H*(sp(aQ ), ( mathfraksp(n) © u(l)) , C), hence an isomorphism of the 
complexifications H*(A(D n ) Sp( - n ' 1 " l )®C and H* (A{CP 2n+1 ) Sp{n+ ^) ®C. By 
compactness, the second computes the cohomology H*(CP 2n+1 , C). It fol- 
lows that the real vector space H 4 (A(D n ) Sp ( n ' 1 ^) is one-dimensional, hence 
7r*a = c cofjn + dj3 for some real constant c and some invariant 3- form f3. 
Restricting to a totally geodesic B n and recalling the normalization of a, 
we see that c = 1, and the lemma is proved. 

□ 

Remark. Observe that the space A 2 (D n ) Sp ^ n ' 1 ^ is two-dimensional, and its 
subspace of closed forms is one-dimensional, spanned by the form up™. This 
can easily be checked by fixing x £ D n and using the isomorphism 

A *( D njSp(n,l) _^ A *( TxD njSp(n)xU(l) ^ A* (V x <3) H x ) Sp{n)xU{l) , 

where the first map is given by restriction. It is not hard to see that 

A 2 (V X © % x )Sp{n)xU{l) ^ A 2( Vx )t/(l) e A 2^S P (n)xU(l)^ 

and that each summand is one-dimensional. Since there are no invariant 
one-forms and the second cohomology is one-dimensional, it follows that the 
space of closed forms is one dimensional, and necessarily spanned by cj£>™ of 
Lemma [H Equivalently, the space of invariant Hermitian metrics on D n is 
two-dimensional, and the space of invariant pseudo-Kahler metrics is one- 
dimensional, consisting of non-zero multiples of the metric g of Lemma [TJ 

Next, we need to describe the totally geodesic embeddings of complex 
hyperbolic space B m = H™ in quaternionic hyperbolic space iTjJ. See pQ 
(for MP n , with similar results for iifjj), the thorough treatment of geodesic 
subspaces in [9], or the discussion in [8] for details. The result is that any 
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totally geodesic B m in HJj for m > 2 is obtained as follows: First m < n and 
there exists anm| 1-dimensional right quaternionic subspace V C H n+1 so 
that the restriction of Re(h m ) to V has signature (4m, 4), and there exists 
a right quaternionic linear complex structure J on V which preserves /i H 
and so that the embedding of B m in flS consists of those right quaternionic 
lines in V that are invariant under J. (If m = 2 this construction produces 
totally geodesic B^'s, but not all, because JETm is the s ame as real hyperbolic 
4-space and I? 1 is the same as the real hyperbolic plane. Real hyperbolic 
4-space has many more totally geodesic real hyperbolic planes than the ones 
arising in this way.) 

These totally geodesic B m, s in fljj have very canonical horizontal lifts to 
D n that we now describe. First, consider the case m = n. Given a totally 
geodesic B n C there is a right M- linear complex structure J on HP" 1 " 1 
preserving /i H so that B n consists of all the J-invariant lines. Consider the 
isomorphism M n+1 = C 2n+2 as before, with i acting by right quaternion mul- 
tiplication. Taking account of the Hermitian forms, it is more accurate to 
use the notation M^- 1 ) ^ C^ 2 \ which we use from now on. Let V denote 
the i-eigenspace of J acting on C^ 2 ™' 2 ). It easy to check that Vj is the —i- 
eigenspace of J, that we have a direct sum decomposition C( 2n > 2 ) = V ® Vj 
into n c -orthogonal and a -isotropic subspaces so that the restriction of hp 
to each sub space has signature (n, 1). Passing to complex projectiviza- 
tion of negative lines, we obtain two holomorphic embeddings of B n in D n , 
each projecting (under right quaternionic projectivization) to the original 
geodesic embedding of B n in (each projection being holomorphic with 
respect to each of two conjugate complex structures). Moreover, since each 
of the eigenspaces V, Vj is anisotropic, it follows easily that each of these 
embeddings of B n in D n is horizontal. In fact, each of these two B n, s is 
a Legendrian submanifold (integral element of maximum dimension) of the 
contact structure (horizontal sub-bundle %) of D n . 

Note that each of these two embeddings is fixed by the element of Sp(n, 1) 
that is right multiplication by i on V and by —i on Vj. If follows (and we 
explain in more detail below) that each is a totally geodesic submanifold of 
D n in the Sp(n, l)-invariant pseudo-Kahler metric g defined in Lemma HJ 
Note also that the restriction of wc« to each B n coincides with the Kahler 
form UB n - 

Finally, if m < n, we use the same construction with a suitable H^™' 1 -* C 
jj(n,l)_ a s remarked above, in case m = 1 we do not obtain all geodesic 
embeddings B 1 C iK in this way, but we do obtain a special class of 
embeddings, namely the ones covered by holomorphic horizontal geodesic 
embeddings of B 1 in D n . 

We now explain what we mean by horizontal totally geodesic complex 
submanifolds of D n . We consider a complex manifold (M, J) with a pseudo- 
Hermitian metric g (by which we mean a pseudo-Riemannian metric g which 
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is J-invariant: g(JX, JY) = g(X, Y) for all tangent vectors X, Y) and a 
metric complex connection V (not necessarily torsion- free) , meaning that 
VJ = and Vg = 0.. Let N C M be a complex submanifold which is never 
isotropic, in the sense that for all x G N, T X N contains no null vectors for 
g. Then N is said to be totally geodesic if TN is invariant under V. This 
means that for all vector fields X, Y tangent to N, VjfF is also tangent to 
N. An equivalent formulation is in terms of the second fundamental form 
a(X,Y), defined by a(X,Y) = (V^F) 1 , where _L denotes the g-orthogonal 
complement. If TN contains no null vectors, then iV is totally geodesic if 
and only if a = 0. Note that if V has torsion, then a(X, Y) need not be 
symmetric in X and Y . 

We list the main properties that we need of the above embeddings. 

Lemma 2. (1) Each of the embeddings B m C D n just described is a 
component of the fixed point set in D n of an element of Sp(n, 1). 

(2) In particular, each such embedding is totally geodesic with respect to 
any pair (<?, V) of Sp(n, 1) -invariant Hermitian metric g and metric 
connection V. 

(3) For any pair (g, V) as above, every horizontal holomorphic embed- 
ding of B m in D n that is totally geodesic in the sense of vanishing 
second fundamental form, is one of the embeddings described above. 

Proof. Fix m < n. Each of the embeddings in question is equivalent under 
Sp(n, 1) to the embedding of B m in D n resulting from the embedding 

0,...,0 

of cKi) in M^' 1 ). We still use the quaternionic and related complex coor- 
dinates xi = zi + jwi in H^™' 1 - 1 = C*- 2 ™' 2 -*. The image of B m is a component 
of the fixed point set of the element 

(x\ , . . . j x n -|_i ) y [ix\ , . . . , ix m , x m _|_i , . . . , x n , ix n -i-i ) 

of the isotropy subgroup Sp(n) x U{\) C Sp(n,l). (There is one other 
component in D n , the —i eigenspace. The —1 eigenspace is disjoint from 
D n .) This proves the first part of the Lemma. 

If g is any invariant Hermitian metric on D n , then, by the discussion in 
Lemma [H the restriction of g to T~i is definite, thus horizontal submanifolds 
contain no null vectors for g. The above definition of totally geodesic sub- 
manifolds and characterization in terms of second fundamental form holds. 
If M is a component of the fixed point set of a map that preserves g and V, 
then no normal vector to the fixed point set is fixed, thus the second funda- 
mental form a(X, Y) must be fixed, thus a = 0, and M is totally geodesic. 
This reasoning applies to our embeddings and proves the second assertion 
of the Lemma. 
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Now take a pair (g, V) as in the second part, and a holomorphic horizontal 
embedding of B m in D n with vanishing second fundamental form. Such an 
embedding is uniquely determined by its tangent space at one point. But 
it is easy to check that there is one of our special embeddings tangent to 
each complex (meaning invariant under the complex structure J of D n ) 
integral element of H x . Since the tangent space of every horizontal complex 
submanifold of D n is a complex integral element, our construction has found 
all holomorphic horizontal embeddings that are totally geodesic in the usual 
differential-geometric sense. 

□ 



3. Schwarz Lemma for Horizontal Holomorphic Maps 

A holomorphic map F : B m — > D n is called horizontal if for all x G 
B m , dF(T x B' m ) C Hp( x y It is well known that horizontal holomorphic 
maps satisfy a Schwarz Lemma, see (TJ [13] In addition to the well-known 
inequality, we need a discussion of the case of equality. Since we could not 
find any discussion in the literature of the precise result we need, we prove 
the Schwarz Lemma in some detail. We follow the method of [7], which in 
turn follows [T7] . Both [7J [13] use a definite Hermitian metric on D n which is 
necessarily not Kahler, and its Chern connection. In order to relate equality 
to totally geodesic maps we find it more convenient to use the pseudo-Kahler 
metric of Lemma [T] and its Levi-Civita connection. The two give of course 
equivalent results for horizontal holomorphic maps as we explain later. 

Let {g, V) be a pair of invariant pseudo-Hermitian metric and metric 
connection on D n . Assume that g\Ti is positive definite, and normalize 
g so that its restriction to every horizontal geodesic B m C D n as in the 
last section is the metric of constant holomorphic sectional curvature — 1. 
Moreover, assume that V 1 - ' 1 ^ is the 3-operator of the complex structure on 
TD n . Two examples of such a pair are: 

(1) The pseudo-Kahler metric of LemmatH let's denote this metric by g K 
and let's denote its Levi-Civita connection by V K . Then V K is also 
the Chern connection on TD n preserving g K , namely (V^)^' 1 ** = 8. 

(2) The positive definite metric used in [71 [13] using the Killing form 
and the Cartan involution. Let us denote this metric by g and its 
corresponding Chern connection by V . 

Then the restriction of V to B m is necessarily the canonical connection V 
on B' m , which is both the Levi-Civita connection and the Chern connection, 
as is the case for any Kahler metric. 

Given such a compatible pair (g, V), we can define the curvature tensor 
R = i? v in the usual way, and we can define the horizontal holomorphic 
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sectional curvatures to be the numbers R(X, JX, X, JX) defined by 
R(X, JX, X, JX) = g{R{X, JX)JX, X) for each g{X, X) = 1. 

Lemma 3. For any compatible pair (g, V) as just defined, the horizontal 
holomorphic sectional curvatures are constant, identically equal to —1. 

Proof. Let x G D n . Then any complex one-dimensional subspace of T~L X is 
the real span of X, JX for some unit vector X G T~L X . Since this is the 
tangent space to a holomorphic, horizontal totally geodesic embedding of 
B l in D n , we have, by the usual argument, that the holomorphic sectional 
curvature in D n is the same as in Br, namely —1. 

□ 

Observe that the isotropy group at x G D n acts transitively on the com- 
plex projective space of the space H x , since this action is isomorphic to 
the action of Spin) x U(l) on CP 2n_1 , which is indeed transitive. This 
already implies that the horizontal holomorphic sectional curvatures must 
be constant. 

Lemma 4. Let (g, V) be the compatible pair (g K ,V K ) of pseudo-Kahler 
metric and compatible torsion-free connection. Let M C D n be a horizontal 
submanifold. Let a : T X M T X M — > T X M^ be its second fundamental form. 
Then a(X, Y) G H x for all X, Y, G T X M . 

Proof. Observe that if X, Y are horizontal vector fields, then the value of 
the vertical component (VxY) v at x depends just on the values of X, Y at 
x, thus we get a well defined tensor % x ® % x —>V X - If X, Y span an integral 
element of H, namely, if X V ,Y V and [X, Y] v all vanish, see Definiton [TJ 
we see that (Vx^) V is symmetric in X and Y, since the symmetry of the 
connection V = W K gives 

(V X Y) V -(V Y X) V = [X,Y] V = 0. 

Since (VjfX) v = 0, we see that (VxY) v = on all integral elements X, Y. 

Suppose that M C D n is a horizontal submanifold and that a is its second 
fundamental form. Then a(X,Y) = (VxY) 1 = a(X,Y) H + a(X,Y) v , 
where a{X,Y) v = (V X Y) V = since X, Y form an integral element of T~i. 
Thus a(X,Y) G H. 

□ 

Theorem 2. Let F : B m — > D n be a horizontal holomorphic map , and let 
uJB m ,0JD n be as above. Then F*ujo n < ujb™- Equality holds at every point if 
and only if F is a horizontal holomorphic geodesic embedding of B m in D n . 

Proof. We follow the method explained in [71 117] . First we treat the case 
m = 1, to which the general case is easly reduced. 
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Suppose F : B 1 -> D n is a horizontal holomorphic map. Then for all x £ 
B 1 , dF^xB 1 ) C Hf{x)i on which the metric g = g K is positive definite and 
on which the holomorphic sectional curvature is —1. If we write F*cuD n = 
u LUgi for a non-negative smooth function m on B 1 , then, by the method of 
§2 of Chapter I and §2 of Chapter III of |17| . see also §13.4 of [7], we may 
assume that u attains its maximum, and a computation of its Laplacian 
at the maximum gives the inequality u < 1, hence the desired inequality 

F*UJD n < Wfii 

If equality holds at every point, then F is an isometric immersion. Locally 
F is an isometric embedding. Let M C D n be the image of such a local 
embedding, and let a be its second fundamental form. Since the metric g 
is pseudo-Kahler, the usual Kahler identities hold, and we get the formula, 
for any unit vector X £ T X M, 

R M (X, JX, X, JX) = R D "(X, JX, X, JX) - 2g(a(X, X), a(X, X)), 

see Proposition 9.2 of Chapter IX of [18| . Since both holomorphic sectional 
curvatures are equal (to —1), we must have g(a(X, X),a(X, X)) = 0. Since, 
by Lemma El a(X,X) € 7i, on which g is positive definite, it follows that 
a(X, X) = 0, hence M is a horizontal complex totally geodesic submanifold, 
thus, by Lemma [2j it must be one of our special embeddings. This proves 
the case m = 1. 

To prove the case m > 1, take any x € B m and any complex direction at 
x and take the geodesic B 1 C B m through x in this direction.. Restricting 
F to this B 1 we get the desired inequality. If equality holds for all x and all 
directions, then every geodesic B 1 C B m must be geodesically isometrically 
embedded in D n , from which we get the vanishing of the second fundamental 
form of the embedding of B m , hence the latter is a horizontal holomorphic 
totally geodesic embedding, hence as described in Lemma [2j 

□ 

Remark. A parallel proof, with a somewhat different discussion in the case 
of equality, would hold using the definite Hermitian (non-Kahler) metric 
mentioned above. 

4. Proof of Theorem [1] 

Let X = T\B m be a compact manifold and let p : T Sp(n, 1) be a 
representation. If c(p) = there is nothing to prove. If c(p) ^ 0, then p is a 
reductive representation, in fact, its image is Zariski-dense in Spin, 1). The 
reason is that otherwise its image lies in a parabolic subgroup, and in this 
case this makes c{p) = 0, see the similar argument in the last paragraph 
of the proof of Theorem 6.1 of |10| . Then, by Corlette's existence theorem 
for harmonic metrics (equivalently, equivariant harmonic maps), see §3 of 
[TO] , (see also [H]), there is an equivariant harmonic map / : B m — > H^. 



12 



GARCIA PRADA AND TOLEDO 



Moreover, since f*a ^ 0, the rank of / is at least four. By Theorem 6.1 
of [8] there is an equivariant horizontal holomorphic map F : B m — > D n 
that lifts /, that is, / = it o F. Since the form /3 of Lemma Q] descends to a 
form on X, we get that, on X, f*a is cohomologous to F*u)p n . (We do not 
distinguish between T-invariant forms on B m and forms on X, in particular 
we write either ux or cj£ m as convenient). 

Thus we get 

c(p)= [ F^A<" 2 . 
Jx 

Since F*uo n < wx, we get the inequality. If equality holds, then we must 
have a pointwise equality F*uj£> n Aw^ 2 = w x- This in turn implies a point- 
wise equality F*uj£,n = ux- This standard fact can be seen, for example, 
from the easily verified formula 

FW Dn A u4" 2 = V=-^rTr(A 2 0) u x , 
n{n — 1) 

where, for each x e £ m , = (d x F)*(d x F) : T x B m T^B" 1 and de- 
notes the Hermitian adjoint of d^i 7 : T x B m — > "Hf(x)- Since the eigenvalues 
of <f> are non-negative and (by the inequality part of the Schwarz lemma) at 
most one, equality holds if and only if all the eigenvalues are one, which is 
equivalent to F*ujon = cjgm. Thus, by the equality part of Theorem [21 F 
is a totally geodesic horizontal holomorphic embedding, hence / is a totally 
geodesic isometric embedding, hence p is a totally geodesic representation. 
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